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Abstract
We present higher-dimensional generalizations of the Buchdahl and Janis-Robinson-
Winicour transformations which generate static solutions in the Einstein-Maxwell
system with a massless scalar field. While the former adds a nontrivial scalar
field to a vacuum solution, the latter generates a charged solution from a neutral
one with the same scalar field. Applying these transformations to (i) a static
solution with an Einstein base manifold, (ii) a multi-center solution, and (iii)
a four-dimensional cylindrically symmetric solution, we construct several new
exact solutions.
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1
1 Introduction
As stationary spacetimes are very fundamental configurations of gravity, a classification of
stationary solutions is one of the most important problems in the study of exact solutions
in general relativity. In the case where spacetimes possess spherical symmetry, the general
vacuum solution is given by the Schwarzschild solution without assuming staticity as a
consequence of the Birkhoff’s theorem. This theorem can be extended in the presence of
a Maxwell field and then the general electrically charged solution consists of the Reissner-
Nordstro¨m solution and the Bertotti-Robinson solution. In the system with a scalar field,
in contrast, the Birkhoff’s theorem does not hold in general because it introduces dynamical
degrees of freedom of the radially oscillating gravitational wave into the system. However,
if one assumes staticity, the most general spherically symmetric solution with a massless
scalar field is the so-called Janis-Newman-Winicour (JNW) solution [1]1
The above results with a massless scalar field can be generalized in the arbitrary n(≥ 4)-
dimensional spacetime with an Einstein base manifold. Contrary to this, it has been
recently clarified that static solutions are quite rich even in such a symmetric spacetime if
there exists a nontrivial Maxwell field in addition [6]. Especially, while the asymptotically
flat solution is unique when either a Maxwell field or massless scalar field is trivial, there
are more than one asymptotically flat solutions if both of them are nontrivial. In addition,
such a system also admits asymptotically Bertotti-Robinson solutions.
In such a classification of static solutions, solution-generating methods have been playing
a central role with brilliant success. In the four-dimensional system with a Maxwell field and
a massless scalar field, the Buchdahl transformation [4] and the Janis-Robinson-Winicour
(JRW) transformation [7] are known as methods to generate static solutions. While the
Buchdahl transformation generates a solution with a nontrivial scalar field from a vacuum
solution, the JRW generates electrically charged solution from a neutral one keeping the
same form of the scalar field.
In the case with spherical symmetry, the Buchdahl transformation generates the JNW
solution from the Schwarzschild solution [7]. This Buchdahl transformation has been gen-
eralized in higher dimensions by Tangen as a special case of the more general transfor-
mation [8], but the procedure of his higher-dimensional version is more complicated than
the original four-dimensional one. Nonetheless, the transformation certainly generates the
higher-dimensional JNW solution [9] from the Schwarzschild-Tangherlini solution [10]. This
result is reasonable because both of those solutions are the general static solutions in each
system. On the contrary, as shown by the authors [6], the general spherically symmetric
and static solution is not unique with a Maxwell field in addition.
1Actually, Fisher found this solution for the first time [2] and subsequently it has been rediscovered by
different authors many times [1, 3, 4, 5].
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Then a natural question arises: Which charged solution in the complete classification
in [6] is obtained from the JNW solution by the JRW transformation? Moreover, the coun-
terpart of the JRW transformation in higher dimensions is still missing at present. We will
answer these questions in the present paper. In the following section, after presenting a
different and much simpler formulation of the higher-dimensional Buchdahl transformation
than the one in the article [8], we will establish the higher-dimensional JRW transformation
in a similar manner. There we also present an alternative derivation of the JRW trans-
formation based on the reduced action for static spacetimes in the form of a nonlinear
sigma model. In Section 3, adopting the higher-dimensional JRW transformation to the
generalized JNW solution with an Einstein base manifold characterized by its curvature k,
we will show that it is transformed into the type-I solution for k = 1,−1 and the type-
VI0 solution for k = 0 in our classification [6]. Also, as another demonstration, we will
construct new neutral and electrically charged multi-center solutions with a ghost scalar
field. As the third application, we will use the Buchdahl for dressing the four-dimensional
cylindrically symmetric Levi-Civita solution, and then the JRW transformation to obtain
a new charged cylindrically symmetric solution with a massless scalar field. Concluding
remarks and future prospects are given in the final section.
Our basic notations follow [11]. Throughout in this article, the Minkowski metric has the
signature (−,+, · · · ,+). We adopt the units such that c = 1 and the n-dimensional gravi-
tational constant is denoted by κn. The conventions of curvature tensors are [∇ρ,∇σ]V µ =
RµνρσV ν and Rµν = Rρµρν and the electromagnetic field strength is given by Fµν :=
∇µAν −∇νAµ.
2 Solution-generating transformations
In the present paper, we consider the n(≥ 4)-dimensional Einstein-Maxwell system with a
massless scalar field φ, of which action is given by
S[gµν , Aµ, φ] =
∫
dnx
√−g
(
1
2κn
R− 1
4
FµνF
µν − 1
2
(∇φ)2
)
. (2.1)
The field equations in this system are
Gµν = κn
(
T (em)µν + T
(φ)
µν
)
, (2.2)
∇νF µν = 0, φ = 0, (2.3)
where Gµν := Rµν − (1/2)gµνR is the Einstein tensor and the energy-momentum tensors
for the Maxwell field and the massless Klein-Gordon field are respectively given by
T (em)µν :=FµρF
ρ
ν −
1
4
gµνFρσF
ρσ, (2.4)
T (φ)µν :=(∇µφ)(∇νφ)−
1
2
gµν(∇φ)2. (2.5)
3
2.1 Higher-dimensional Buchdahl and JRW transformations
Now let us consider the most general n-dimensional static spacetimes Mn ≈ R×Mn−1 in
the following form of the metric:
ds2 =− Ω(y)−2dt2 + Ω(y)2/(n−3)g¯ij(y)dyidyj, (2.6)
where the indices i and j run from 1 to n − 1 and g¯ij and Ω are an arbitrary Euclidean
metric and a scalar function on Mn−1, respectively. It is noted that our metric ansatz
(2.6) is different from the one in the Tangen’s formulation [8]. In the following, we assume
φ = φ(y) and Aµ = At(y)δ
t
µ and the covariant derivative with respect to g¯ij is introduced
such that D¯kg¯ij = 0.
Then, the basic equations (2.2) and (2.3) reduce to
(n−1)R¯ij − n− 2
n− 3(D¯i ln Ω)(D¯j lnΩ) = κn(D¯iφ)(D¯jφ)− κnΩ
2FitFjt, (2.7)
− n− 2
n− 3D¯
2 ln Ω = κnΩ
2g¯klFtkFtl, (2.8)
D¯2φ = 0, ∂i(
√
det g¯Ω2g¯ijFtj) = 0, (2.9)
where D¯2 := g¯ijD¯iD¯j and a superscript (n− 1) implies a geometrical quantity constructed
from g¯ij . (See Appendix A for derivation.) Equations (2.7) and (2.8) give the following
auxiliary equation:
(n−1)R¯ − n− 2
n− 3
{
D¯2 ln Ω + (D¯ ln Ω)2
}
= κn(D¯φ)
2. (2.10)
It is observed that the basic equations (2.7)–(2.9) has the symmetry
Ω→ ζΩ, At → ζ−1At, (2.11)
where ζ is a non-zero real constant.
Now we are ready to formulate solution-generating transformations. The following for-
mulation of the n-dimensional generalization of the Buchdahl transformation is much sim-
pler than the one in [8].
Proposition 1 Suppose that the following static metric in n(≥ 4) dimensions
ds2 = −e2V dt2 + e−2V/(n−3)g¯ijdyidyj (2.12)
solves the field equations (2.2) and (2.3) with a constant scalar field and a trivial Maxwell
field, where V and g¯ij are functions of y
i. Then, the following static metric and scalar field
4
solve the field equations (2.2) and (2.3) with a trivial Maxwell field:
ds2 =− e2Udt2 + e−2U/(n−3)g¯ijdyidyj, (2.13)
U :=αV, φ = ±
√
(n− 2)(1− α2)
κn(n− 3) V + φ0, (2.14)
where α and φ0 are constants.
Proof. By Eqs. (2.7)–(2.9), the field equations for the set (g¯ij,Ω, φ, Fti) = (g¯ij, e
−U , φ, 0)
are given by
(n−1)R¯ij − n− 2
n− 3(D¯iU)(D¯jU) = κn(D¯iφ)(D¯jφ), (2.15)
D¯2U = 0, D¯2φ = 0. (2.16)
Substituting Eq. (2.14) into the above equations, we obtain
(n−1)R¯ij − n− 2
n− 3(D¯iV )(D¯jV ) = 0, (2.17)
D¯2V = 0. (2.18)
These are the field equations for the set (g¯ij ,Ω, φ, Fti) = (g¯ij , e
−V ,Φ0, 0), where Φ0 is a
constant.
Next, we formulate an n-dimensional generalization of the JRW transformation in a
similar manner.
Proposition 2 Suppose that the following static metric in n(≥ 4) dimensions
ds2 = −e2Udt2 + e−2U/(n−3)g¯ijdyidyj (2.19)
and a scalar field φ solve the field equations (2.2) and (2.3) with a trivial Maxwell field,
where U , g¯ij, and φ are functions of y
i. Then, the following static metric
ds2 =− e2Wdt2 + e−2W/(n−3)g¯ijdyidyj, (2.20)
W :=− ln | sinh(U − U0)| (2.21)
and the same form of the scalar field φ solve the field equations (2.2) and (2.3) with the
following Maxwell field:
Fti =±
√
n− 2
(n− 3)κn
D¯iU
sinh2(U − U0)
, (2.22)
At =±
√
n− 2
(n− 3)κn
1
tanh(U − U0) + A0, (2.23)
where U0 and A0 are constants.
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Proof. By Eqs. (2.7)–(2.9), the field equations for the set (g¯ij,Ω, φ, Fti) = (g¯ij, e
−W , φ, Fti)
are given by
(n−1)R¯ij − n− 2
n− 3(D¯iW )(D¯jW ) = κn(D¯iφ)(D¯jφ)− κne
−2WFitFjt, (2.24)
n− 2
n− 3D¯
2W = κne
−2W g¯klFtkFtl, (2.25)
D¯2φ = 0, ∂i(
√
det g¯e−2W g¯ijFtj) = 0. (2.26)
Substituting Eqs. (2.21) and (2.22) into Eqs. (2.24)–(2.26), we obtain the field equations
(2.15) and (2.16) for the set (g¯ij,Ω, φ, Fti) = (g¯ij, e
−U , φ, 0).
We note that the constant U0 in Eqs. (2.21) and (2.22) does not appear in the original
formulation in four dimensions [7]. Actually, this constant is crucial for providing a new
integration constant, as shown in the next section.
2.2 Derivations in the nonlinear sigma model approach
In this subsection, we present alternative derivations of the higher-dimensional Buchdahl
and JRW transformations based on the reduced action in the form of a nonlinear sigma
model.
Using the decomposition of the Ricci scalar (n)R for static spacetimes (2.6) shown in
Appendix A together with the assumptions φ = φ(y) and Aµ = At(y)δ
t
µ, we obtain the
following reduced action for static solutions:
Sn−1 =
∫
dn−1x
√−g¯
{
1
2κn
(
(n−1)R¯ − 2
n− 3D¯
2 ln Ω− n− 2
n− 3(D¯ ln Ω)
2
)
+
1
2
Ω2(D¯At)
2 − 1
2
(D¯φ)2
}
. (2.27)
Omitting the total derivative term with D¯2 ln Ω, we can write the above reduced action in
the following form of a nonlinear sigma model ψ(a) (a = 1, 2, 3):
Sn−1 =
∫
dn−1x
√−g¯
{
1
2κn
(n−1)R¯ − 1
2
G(a)(b)(D¯iψ(a))(D¯iψ(b))
}
, (2.28)
ψ(1) :=− ln Ω, ψ(2) :=
√
(n− 3)κn
n− 2 At, ψ
(3) :=
√
(n− 3)κn
n− 2 φ, (2.29)
where the metric G(a)(b) in the three-dimensional target space is given by
dS2 =G(a)(b)dψ(a)dψ(b)
=
n− 2
(n− 3)κn
(
(dψ(1))2 − e−2ψ(1)(dψ(2))2 + (dψ(3))2
)
. (2.30)
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A transformation ψ¯(a) = ψ¯(a)(ψ) (a = 1, 2, 3) keeping dS2 invariant corresponds to a
solution-generating transformation.
In the absence of a Maxwell field, the target space is a simple two-dimensional flat space:
dS2 = n− 2
(n− 3)κn
(
(dψ(1))2 + (dψ(3))2
)
. (2.31)
In this case of linear sigma model, a new solution is generated by a linear transformation
characterized by a 2× 2 matrix such that(
ψ¯(1)
ψ¯(3)
)
=
(
cos θ − sin θ
sin θ cos θ
)(
ψ(1)
ψ(3)
)
, (2.32)
where θ ∈ C is a parameter of the transformation2. The Buchdahl transformation(2.14)
(with φ0 = 0) is a special case with ψ
(3) = 0 and a reparametrization α = cos θ:(
ψ¯(1)
ψ¯(3)
)
=
(
α ∓√1− α2
±√1− α2 α
)(
ψ(1)
0
)
. (2.33)
A real scalar field is obtained if θ is real and a ghost scalar field is given when θ is chosen
to be purely imaginary.
A solution-generating transformation ψ¯(a) = ψ¯(a)(ψ) (a = 1, 2, 3) becomes nonlinear in
the presence of a Maxwell field. In order to find such a transformation, we rewrite the
reduce action (2.28) in the following form [13, 14]:
Sn−1 =
∫
dn−1x
√−g¯
{
1
2κn
(n−1)R¯+ n− 2
4(n− 3)κnTr
(
(D¯iP )D¯
i(P−1)
)}
, (2.34)
where the matrix P is defined by
P := e−ψ
(1)
−ψ(3)
(
e2ψ
(1) − (ψ(2))2 −ψ(2)
−ψ(2) −1
)
. (2.35)
A key fact is that
Tr
(
(DiP
′)Di(P ′
−1
)
)
= Tr
(
(DiP )D
i(P−1)
)
(2.36)
holds for P ′ := GPGT with any 2 × 2 constant matrix G ∈ GL(2,C). With the general
representation of G such that
G =
(
a b
c d
)
, (2.37)
2The higher-dimensional JNW solution has been derived by this method in [12].
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the relation P ′ = GPGT gives the following three equations:
e−ψ¯
(1)
(
e2ψ¯
(1) − (ψ¯(2))2
)
=e−ψ
(1)
{
a2e2ψ
(1) − (aψ(2) + b)2
}
, (2.38)
−e−ψ¯(1) ψ¯(2) =e−ψ(1)
{
ace2ψ
(1) − ac(ψ(2))2 − (ad+ bc)ψ(2) − bd
}
, (2.39)
−e−ψ¯(1) =e−ψ(1)
{
c2e2ψ
(1) − (cψ(2) + d)2
}
. (2.40)
Substituting Eqs. (2.39) and (2.40) into Eq. (2.38), we obtain
(ad− bc)2 = 1 (2.41)
and hence detG = ad − bc = ±1 is required for consistency. Thus, a matrix (2.37) whose
determinant is ±1 defines a solution-generating transformation from {ψ(1), ψ(2), ψ(3)} to
{ψ¯(1), ψ¯(2), ψ(3)} by Eqs. (2.39) and (2.40), which are explicitly written as
e−ψ¯
(1)
=− e−ψ(1)
{
c2e2ψ
(1) − (cψ(2) + d)2
}
, (2.42)
ψ¯(2) =
{
c2e2ψ
(1) − (cψ(2) + d)2
}
−1{
ace2ψ
(1) − ac(ψ(2))2 − (ad+ bc)ψ(2) − bd
}
. (2.43)
While detG = 1 implies G ∈ SL(2,C), performing a transformation with detG = −1 twice
gives a single transformation whose determinant equals 1.
Since the scalar field is unchanged in the resulting solution, the Buchdahl transformation
is not contained by this class of transformations. On the other hand, the JRW transfor-
mation is contained in this class, in which the seed solution in the JRW transformation is
neutral and hence ψ(2) = 0. In this case, the new solution is given by
e−ψ¯
(1)
=−
(
c2eψ
(1) − d2e−ψ(1)
)
, (2.44)
ψ¯(2) =
aceψ
(1) − bde−ψ(1)
c2eψ(1) − d2e−ψ(1) . (2.45)
Note that the transformation matrix with cd = 0 does not generate a new solution.
Moreover, taken into account the symmetry (2.11) of the basic equations, we can choose
c2d2 = 1/4 without loss of generality. Thus, the components of the matrix G for the JRW
transformation (with A0 = 0) satisfy
c2 = ±1
2
e−U0, d2 = ±1
2
eU0 , ac =
1
2
e−U0 , bd = −1
2
eU0 , (2.46)
with which Eqs. (2.44) and (2.45) respectively give
e−ψ¯
(1)
=∓ 1
2
(eψ
(1)
−U0 − e−ψ(1)+U0) = | sinh(ψ(1) − U0)|, (2.47)
ψ¯(2) =± e
ψ(1)−U0 + e−ψ
(1)+U0
eψ(1)−U0 − e−ψ(1)+U0 = ±
1
tanh(ψ(1) − U0) . (2.48)
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The upper (lower) signs in Eq. (2.46) correspond to the case of sinh(U − U0) ≤ (≥)0. The
condition (ad− bc)2 = 1 certainly holds for a set {a, b, c, d} satisfying Eq. (2.46), where the
upper (lower) signs make all the components a, b, c, and d real (pure imaginary). We note
that the constants a and b correspond to pure gauge in the resulting gauge potential ψ¯(2).
This is seen by rewriting Eq. (2.45) as
ψ¯(2) =
cd(ad− bc)(eψ(1) − e−ψ(1))
(d2 − c2)(c2eψ(1) − d2e−ψ(1)) −
ac− bd
d2 − c2 , (2.49)
where (ad− bc)2 = 1 is required. Since a and b correspond to pure gauge and one can set
c2d2 = 1/4 without loss of generality, the transformation (2.44) and (2.45) is uniparametric
and identical to the JRW transformation (2.21) and (2.22).
In [14], the present approach has been adopted to establish a solution-generating tech-
nique in the arbitrary-dimensional Einstein-Maxwell-dilaton system. There the author pre-
sented two concrete transformations to obtain charged solutions from a vacuum solution.
Since the higher-dimensional JRW transformation, given by (2.21) and (2.22), generates
a charged solution from a neutral non-vacuum solution, it is not realized in the limit of
the vanishing dilaton coupling α → 0 in the transformations considered in [14]. (See [15]
for a similar but different approach to obtain static solutions in the arbitrary-dimensional
Einstein-Maxwell-dilaton system with or without a cosmological constant.)
3 Applications
We have established in the previous section the arbitrary n(≥ 4)-dimensional generaliza-
tions of the Buchdahl and JRW transformations. In this section, we adopt these transfor-
mations to some specific solutions.
3.1 Static solutions with Einstein base manifold
First let us consider static solutions with possible additional symmetries provided by a
(n− 2)-dimensional Einstein space. The vacuum seed solution we consider is the following
topological generalization of the Schwarzschild-Tangherlini solution:
ds2 =− f(r)dt2 + f(r)−1dr2 + r2γab(z)dzadzb, (3.1)
f(r) =k − µ
rn−3
, (3.2)
where µ is a constant. Here γab(z) is the metric on the (n− 2)-dimensional Einstein space
Kn−2, whose Ricci tensor is given by (n−2)Rab = k(n− 3)γab, where k = 1, 0,−1. Adopting
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the n(≥ 4)-dimensional Buchdahl transformation to the above solution, we obtain the
following generalized JNW solution [6]3:
ds2 =− f(r)αdt2 + f(r)−α/(n−3)
(
f(r)−(n−4)/(n−3)dr2 + r2f(r)1/(n−3)γab(z)dz
adzb
)
, (3.3)
φ =φ0 ±
√
(n− 2)(1− α2)
4κn(n− 3) ln f(r), f(r) = k −
µ
rn−3
. (3.4)
In the classification of static solutions with an Einstein base manifold in the present
system (2.1) performed in [6], we have shown that the generalized JNW solution (3.3) is
the unique neutral solution with a nontrivial scalar field. Then, which charged solution
in [6] is obtained by the n(≥ 4)-dimensional JRW transformation from the generalized
JNW solution?
Indeed, the resulting solution after the JRW transformation is given by
ds2 =−
(
e−U0fα/2 − eU0f−α/2
2
)
−2
dt2 +
(
e−U0fα/2 − eU0f−α/2
2
)2/(n−3)
×
(
f−(n−4)/(n−3)dr2 + r2f 1/(n−3)γab(z)dz
adzb
)
, (3.5)
Ftr =±
√
(n− 2)(n− 3)
κn
2αµ
frn−2(e−U0fα/2 − eU0f−α/2)2 , (3.6)
where the scalar field remains in the same form (3.4). We note that the ± signs in φ and
Ftr are independent in the present subsection. We are going to show that this is the type-I
solution for k = 1,−1 and the type-VI0 solution for k = 0 in the classification [6].
The metric of the type-I solution for k = 1,−1 is given by
ds2 =− F (x)−2dt2 + F (x)2/(n−3)G(x)−(n−4)/(n−3)
(
dx2 + G(x)γab(z)dz
adzb
)
, (3.7)
F (x) =A
(
ε
x− x0
x+ x0
)α/2
+B
(
ε
x− x0
x+ x0
)
−α/2
, G(x) = k(n− 3)2(x2 − x20), (3.8)
where x0 6= 0 is required and ε = ±1 is put in order for the interior of the bracket to be
non-negative4. The constants A and B are arbitrary constants not simultaneously null5.
3An (n− 2)-dimensional sphere was previously considered as Kn−2 in [9].
4Without loss of generality, we have applied the change of coordinate x¯ := x− (a+ b)/2 to the original
solution [6] and defined x0 := (a− b)/2. We have then omitted the bars for simplicity.
5Both in the type-I and type-VI0 solutions, one can set A or B be any non-zero value without loss
of generality if it is non-zero by scaling transformations of t and x, however we keep both of them to be
arbitrary.
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The scalar field of the type-I solution is
φ(x) = φ0 ±
√
(n− 2)(1− α2)
4κn(n− 3) ln
(
ε
x− x0
x+ x0
)
, (3.9)
and the electric field is given by
Ftx = − q
F 2G
. (3.10)
The constant α and the electric charge q are related with the other integration constants
as
κnq
2 = −4(n− 2)(n− 3)3ABα2x20. (3.11)
Now let us consider the coordinate transformation
x =
1 + kf(r)
1− kf(r)x0. (3.12)
and rewrite x0 as x0 = µ/[2(n− 3)], which give
x− x0
x+ x0
= kf(r) = 1− kµ
rn−3
. (3.13)
After this transformation, the type-I solution (3.7)–(3.10) becomes
ds2 =−
{
A(εkf)α/2 +B(εkf)−α/2
}
−2
dt2 +
{
A(εkf)α/2 +B(εkf)−α/2
}2/(n−3)
×
(
f−(n−4)/(n−3)dr2 + r2f 1/(n−3)γab(z)dz
adzb
)
(3.14)
with
φ(r) =φ0 ±
√
(n− 2)(1− α2)
4κn(n− 3) ln(εkf), (3.15)
Ftr =±
√
−(n− 2)(n− 3)ABα
2µ2
κn
1
frn−2[A(εkf)α/2 +B(εkf)−α/2]2
, (3.16)
where we used Eq. (3.11). Finally, setting ε such that εk = 1 and identifying A = ±e−U0/2
and B = ∓eU0/2, we recover the metric (3.5), the scalar field (3.4), and the Maxwell field
(3.6).
On the other hand, the metric of the type-VI0 solution for k = 0 is given by Eq. (3.7)
with
F (x) =A(εG1x)
α/2 +B(εG1x)
−α/2, G(x) = G1x, (3.17)
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where G1 is a non-zero constant
6. The scalar field in this solution is given by
φ(x) = φ¯0 ∓
√
(n− 2)(1− α2)
4(n− 3)κn ln(εG1x), (3.18)
where φ¯0 is a constant, and the Maxwell field reads
Ftx = − q
G1x[A(εG1x)α/2 +B(εG1x)−α/2]2
. (3.19)
The electric charge q is related with the other integration constants as
κnq
2 = −(n− 2)α
2G21AB
(n− 3) . (3.20)
In what follows, we use f(r) = −µ/rn−3 and rewrite G1 such that G21 = (n− 3)2µ2. Then,
the coordinate transformation
G1x =
G21
(n− 3)2f(r) =
µ2
f(r)
= −µrn−3, (3.21)
allows us to write the type-VI0 solution as
ds2 =−
{
B(εµ−2f)α/2 + A(εµ−2f)−α/2
}
−2
dt2 +
{
B(εµ−2f)α/2 + A(εµ−2f)−α/2
}2/(n−3)
×
(
f−(n−4)/(n−3)dr2 + r2f 1/(n−3)γab(z)dz
adzb
)
(3.22)
with
φ(r) =φ¯0 ∓
√
(n− 2)(1− α2)
4(n− 3)κn ln(εµ
2f−1)
=
(
φ¯0 ∓
√
(n− 2)(1− α2)
4(n− 3)κn ln(εµ
2)
)
±
√
(n− 2)(1− α2)
4(n− 3)κn ln f, (3.23)
Ftr =∓
√
−(n− 2)(n− 3)α
2AB
κn
1
r[B(εµ−2f)α/2 + A(εµ−2f)−α/2]2
, (3.24)
where we used Eq. (3.20) and the following relations holding for k = 0:
f−1/(n−3) =
r2f 1/(n−3)
(−µ)2/(n−3) , f
(n−4)/(n−3) =
(−µ)2(n−4)/(n−3)
r2(n−4)f (n−4)/(n−3)
. (3.25)
Finally, identifying A and B such that
A = ±1
2
(εµ−2)α/2eU0 , B = ∓1
2
(εµ−2)−α/2e−U0 , (3.26)
we recover the metric (3.5), the scalar field (3.4), and the Maxwell field (3.6) with k = 0.
6We have performed the change of coordinate x¯ := x+G0/G1 in the original type-VI0 solution presented
in [6] and then omitted the bars for simplicity.
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3.2 Multi-center solutions
Next, as another demonstration, we consider the case where g¯ij(y)dy
idyj is flat:
g¯ij(y)dy
idyj = dy21 + dy
2
2 + · · ·dy2n−1. (3.27)
In this case, the field equations (2.7)–(2.9) with a constant scalar field admit the following
multi-center solution:
D¯2Ω = 0, Fti = ±
√
n− 2
(n− 3)κnΩ
−2∂iΩ. (3.28)
The first equation shows that Ω is a harmonic function on the (n − 1)-dimensional flat
space and hence Ω can be expressed as a linear combination of the fundamental solution,
namely
Ω =µ0 +
N∑
p=1
µp
rn−3p
, (3.29)
rp :=
√
(y1 − cp(1))2 + (y2 − cp(2))2 + · · ·+ (yn−1 − cp(n−1))2, (3.30)
where µ0, µp, cp(1), cp(2), · · · , cp(n−1) are constants and N is a positive integer. This is the
n(≥ 4)-dimensional generalization of the Majumdar-Papapetrou solution [16, 17, 18]. The
original Majumdar-Papapetrou solution represents a static configuration of multi-black
holes with degenerate horizons, where rp = 0 defines the location of the Killing horizon of
each black hole [19]. A remarkable feature of this solution is that, while the spacetime are
analytic at the horizons in four dimensions [19], the differentiability of the spacetime at
the horizons becomes lower in higher dimensions [20]. Indeed, in six or higher dimensions,
there appear parallelly propagated (p.p.) curvature singularities [21] at the location of the
horizons and then the solution does not represent a configuration of multi-black holes any
more.
On the other hand, in the absence of a Maxwell field, the field equations (2.7)–(2.9)
admit the following multi-center solution:
D¯2 ln Ω = 0, φ = φ0 ±
√
− n− 2
(n− 3)κn ln Ω, (3.31)
where φ0 is a constant. These equations show that both lnΩ and φ are harmonic functions
and φ − φ0 is pure imaginary, namely φ is a ghost scalar field. The explicit form of Ω is
given by
lnΩ =ν0 +
N∑
p=1
νp
rn−3p
, (3.32)
rp :=
√
(y1 − dp(1))2 + (y2 − dp(2))2 + · · ·+ (yn−1 − dp(n−1))2, (3.33)
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where ν0, νp, dp(1), dp(2), · · · , dp(n−1) are constants. This is a generalization of the four-
dimensional solution obtained by Gibbons [22]7.
This spacetime with νp = 0 for all p is Minkowski. For νp 6= 0 for some p, the spacetime
is asymptotically flat for r :=
√
y21 + y
2
2 + · · ·+ y2n−1 → ∞, namely at spacelike infinity.
On the other hand, Ω → +∞(+0) holds in the limit of rp → 0 for νp > (<)0. The Ricci
scalar of this spacetime is computed to give
(n)R =− n− 2
n− 3Ω
−2/(n−3)(D¯ ln Ω)2
=− (n− 2)(n− 3)Ω−2/(n−3)δij
N∑
p=1
νp
rn−1p
(yi − dp(i))
N∑
q=1
νq
rn−1q
(yj − dq(j)). (3.34)
In the particular case with N = 2, the above expression reduces to
(n)R =− (n− 2)(n− 3)Ω−2/(n−3)
{
ν21
r
2(n−2)
1
+
2ν1ν2
rn−11 r
n−1
2
δij(yi − d1(i))(yj − d2(j)) + ν
2
2
r
2(n−2)
2
}
.
(3.35)
Equation (3.34) shows that there are naked singularities located at rp = 0 for νp < 0. In
contrast, (n)R → 0 holds in the limit of rp → 0 for νp > 0. According to the studies in
the four-dimensional axisymmetric case [24, 25], rp = 0 with νp > 0 could be a wormhole
throat, but a careful analysis of the spacetime is required at rp = 0 to provide its physical
interpretation correctly.
Now let us obtain a multi-center solution both with a Maxwell field and a ghost scalar
field by the n-dimensional JRW transformation from the solution (3.31), where we identify
U = − ln Ω and then e2W = 1/ sinh2(lnΩ). The resulting charged solution is given by
ds2 =− dt
2
sinh2(lnΩ)
+ [sinh2(lnΩ)]1/(n−3)(dy21 + dy
2
2 + · · ·dy2n−1), (3.36)
Fti =∓
√
n− 2
(n− 3)κn
∂i(lnΩ)
sinh2(lnΩ)
, φ = φ0 ±
√
− n− 2
(n− 3)κn ln Ω, (3.37)
where lnΩ is given by Eq. (3.32). In [26], a static configuration of a massless scalar field
or a Maxwell field is studied in the n(≥ 4)-dimensional Majumdar-Papapetrou background
spacetime. In contrast, our solution (3.36) is an exact solution taking the backreaction into
the account completely.
7This solution has also been obtained in the axisymmetric case [23], but the authors did not point out
that the scalar field is ghost.
14
3.3 Cylindrically symmetric solutions in four dimensions
Lastly, we present an application of the Buchdahl and JRW transformations to cylindrically
symmetric spacetimes in four dimensions. As a seed solution, we consider the Levi-Civita
vacuum solution in the following coordinates:
ds2 = −ρ4σdt2 + ρ−4σ
{
ρ8σ
2
(dρ2 + dz2) + C2ρ2dφ2
}
, (3.38)
where σ = 0 corresponds to Minkowski. The parameter σ is interpreted as the mass per
unit length of the source located along the axis ρ = 0 and C is the conicity parameter.
(See section 22.2 in [27] and section 10.2 in [28].)
By the Buchdahl transformation (2.14) from the Levi-Civita solution (3.38), one obtains
ds2 =− ρ4ασdt2 + ρ−4ασ
{
ρ8σ
2
(dρ2 + dz2) + C2ρ2dφ2
}
, (3.39)
φ =± 2σ
√
2(1− α2)
κ4
ln ρ+ φ0. (3.40)
This Levi-Civita solution with a massless scalar hair was obtained in [29]. Then, by the
JRW transformation (2.21) and (2.22) from the above solution, we obtain
ds2 =− 4 (ρ2ασe−U0 − ρ−2ασeU0)−2 dt2
+
1
4
(
ρ2ασe−U0 − ρ−2ασeU0)2 {ρ8σ2(dρ2 + dz2) + C2ρ2dφ2} , (3.41)
Ftρ =±
√
2
κ4
8ασ
ρ(ρ2ασe−U0 − ρ−2ασeU0)2 (3.42)
with the same form of the scalar field (3.40), where the signs of φ and Ftρ are indepen-
dent. For α2 = 1, the scalar field becomes trivial and this charged Levi-Civita solution
with a massless scalar hair reduces to the Raychaudhuri solution in the Einstein-Maxwell
system [30]. (See section 22.2 in [27].)
4 Summary and future prospects
In the present paper, we have presented higher-dimensional generalizations of the Buchdahl
and JRW transformations which generate static solutions in the Einstein-Maxwell system
with a massless scalar field. While the former adds a nontrivial scalar field to a vacuum
solution, the latter generates a charged solution from a neutral one with the same form
of a scalar field. Our formulation of the Buchdahl transformation is simpler than the
one provided before [8] and we have introduced a new constant U0 in our formulation of
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the JRW transformation. This new constant is missing in the original four-dimensional
formulation [7] but crucial for providing a new integration constant. As a complement,
we have also presented alternative derivations of the higher-dimensional Buchdahl and
JRW transformations based on the reduced action for static spacetimes in the form of a
nonlinear sigma model. Lastly, adopting the n(≥ 4)-dimensional JRW transformation to
the generalized JNW solution with an Einstein base manifold, we have shown that the
resulting charged solution is the type-I solution for k = 1,−1 and the type-VI0 solution for
k = 0 in the complete classification performed in [6]. As other demonstrations, we have
constructed two new electrically charged solutions. One is an n-dimensional multi-center
solution with a ghost scalar field and the other is a cylindrically symmetric hairy solution
in four dimensions.
Combining the n-dimensional Buchdahl transformation and a conformal transformation
to a solution in the present system without a Maxwell field, one can construct various static
solutions in the system with a nonminimally coupled scalar field. This is also the case in
f(R) gravity because such a system is conformally transformed into general relativity with
a minimally coupled scalar field [31]. Similarly, one can combine the JRW transformation
and a conformal transformation in four dimensions to construct a charged solution in
other systems, but this is not allowed in higher dimensions because then the Maxwell
field is not invariant under conformal transformations. An interesting example in this
context is the so-called BBMB spherically symmetric solution in four dimensions [32, 33]
with a conformally coupled scalar field. This solution is obtained from the JNW solution
by a conformal transformation and represents an extremal black hole with a scalar hair.
Interestingly enough, its higher-dimensional counterpart represents not a black hole but a
naked singularity [34].
This kind of properties of spacetime dimensionality is also observed in the n-dimensional
Majumdar-Papapetrou solution which represents multi-black holes only in four and five
dimensions [20]. These two examples surely suggest that there is a close relation between
spacetime configurations and dimensionality of spacetime. In the present paper, we have
constructed an electrically charged multi-center solution with a massless ghost scalar field.
In the neutral case, this solution can represent multi-wormholes in four dimensions [24, 25].
However, since the differentiability of spacetime could sharply depend on the number of
dimensions, a careful and intensive analysis is required in order to provide a correct physical
interpretation of the solution in higher dimensions or with electric charge. We leave this
problem for future investigations.
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A Static decompositions
In this appendix, we derive the field equations (2.7)–(2.9). Let us consider n(≥ 4)-
dimensional static spacetimes Mn ≈ R×Mn−1 with the following general metric
gµνdx
µdxν = −Ω(y)−2dt2 + gij(y)dyidyj, (A.1)
where the indices i and j run from 1 to n − 1 and gij and Ω are an arbitrary Euclidean
metric and a scalar function on Mn−1, respectively. We introduce the covariant derivative
Mn−1 such that Dkgij = 0. Then, non-zero components of the Christoffel symbol in the
spacetime (A.1) are
(n)Γtti = −Ω−1DiΩ, (n)Γitt = −Ω−3DiΩ, (n)Γijk = (n−1)Γijk, (A.2)
where the superscripts (n) and (n − 1) imply geometrical quantities on Mn and Mn−1,
respectively. By Eqs. (A.2), non-zero components of the curvature tensors are calculated
to give
(n)Rijkl =(n−1)Rijkl, (A.3)
(n)Rtitj =2Ω−4(DiΩ)(DjΩ)− Ω−3DiDjΩ, (A.4)
(n)Rtt =2Ω−4(DΩ)2 − Ω−3D2Ω, (A.5)
(n)Rij =(n−1)Rij − 2Ω−2(DiΩ)(DjΩ) + Ω−1DiDjΩ, (A.6)
(n)R =(n−1)R− 4Ω−2(DΩ)2 + 2Ω−1D2Ω, (A.7)
where (DΩ)2 := gij(DiΩ)(DjΩ) and D
2Ω := gijDiDjΩ. Using the above decompositions,
we obtain the following non-zero components of the Einstein tensor:
(n)Gtt =
1
2
Ω−2((n−1)R), (A.8)
(n)Gij =
(n−1)Gij − 2Ω−2(DiΩ)(DjΩ) + Ω−1DiDjΩ + gij
{
2Ω−2(DΩ)2 − Ω−1D2Ω} . (A.9)
Now we consider a conformally related (n − 1)-dimensional Euclidean metric g¯ij such
that gij(y) = Ω(y)
2pg¯ij(y), where p is a constant. In terms of g¯ij,
(n−1)Rij , (n−1)R, and
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(n−1)Gij are written as
(n−1)Rij =(n−1)R¯ij − p(n− 3)D¯iD¯j ln Ω− pg¯ijD¯2 ln Ω
+ (n− 3)p2(D¯i ln Ω)(D¯j ln Ω)− p2(n− 3)g¯ij(D¯ ln Ω)2, (A.10)
(n−1)R =Ω−2p {(n−1)R¯ − 2p(n− 2)D¯2 ln Ω− p2(n− 2)(n− 3)(D¯ ln Ω)2} , (A.11)
(n−1)Gij =
(n−1)G¯ij − p(n− 3)D¯iD¯j ln Ω + p2(n− 3)(D¯i ln Ω)(D¯j ln Ω)
+ p(n− 3)g¯ijD¯2 ln Ω + 1
2
p2(n− 3)(n− 4)g¯ij(D¯ ln Ω)2, (A.12)
where geometrical quantities with bars are the ones constructed from g¯ij [11]. The second
derivatives of Ω on Mn−1 are written as
DiDjΩ =D¯iD¯jΩ− pΩ−1
{
2(D¯iΩ)(D¯jΩ)− g¯ij(D¯Ω)2
}
, (A.13)
D2Ω =Ω−2pD¯2Ω+ p(n− 3)Ω−2p−1(D¯Ω)2. (A.14)
By the above relations with p = 1/(n− 3), the Einstein tensor (A.8) and (A.9) reduce to
(n)Gtt =
1
2
Ω−2(n−2)/(n−3)
{
(n−1)R¯ − 2(n− 2)
n− 3 D¯
2 lnΩ− n− 2
n− 3(D¯ ln Ω)
2
}
, (A.15)
(n)Gij =
(n−1)G¯ij − n− 2
n− 3(D¯i ln Ω)(D¯j ln Ω) +
n− 2
2(n− 3) g¯ij(D¯ ln Ω)
2. (A.16)
In order to write down the field equations in terms of g¯ij , we assume φ = φ(y) and
Aµ = At(y)δ
t
µ. Under these assumptions, the massless Klein-Gordon equation and the
Maxwell equation given by Eq. (2.3) are written as
D¯2φ = 0, ∂i(
√
det g¯Ω2g¯ijFtj) = 0. (A.17)
Also, non-zero components of the energy-momentum tensors (2.4) and (2.5) are
T
(em)
tt =
1
2
Ω−2/(n−3)g¯klFtkFtl, (A.18)
T
(em)
ij =− Ω2
(
FitFjt − 1
2
g¯ij g¯
klFtkFtl
)
(A.19)
and
T
(φ)
tt =
1
2
Ω−2(n−2)/(n−3)(D¯φ)2, (A.20)
T
(φ)
ij =(D¯iφ)(D¯jφ)−
1
2
g¯ij(D¯φ)
2. (A.21)
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By Eqs. (A.15), (A.16), (A.18)–(A.21), the Einstein equations (2.2) are finally written
as
(n−1)R¯ − 2(n− 2)
n− 3 D¯
2 ln Ω− n− 2
n− 3(D¯ ln Ω)
2 = κn
{
(D¯φ)2 + Ω2g¯klFtkFtl
}
, (A.22)
(n−1)G¯ij − n− 2
n− 3(D¯i ln Ω)(D¯j ln Ω) +
n− 2
2(n− 3) g¯ij(D¯ ln Ω)
2
= κn
{
(D¯iφ)(D¯jφ)− 1
2
g¯ij(D¯φ)
2 − Ω2
(
FitFjt − 1
2
g¯ij g¯
klFtkFtl
)}
, (A.23)
which reduce to
(n−1)R¯ij − n− 2
n− 3(D¯i ln Ω)(D¯j lnΩ) = κn
{
(D¯iφ)(D¯jφ)− Ω2FitFjt
}
, (A.24)
− n− 2
n− 3D¯
2 ln Ω = κnΩ
2g¯klFtkFtl. (A.25)
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